ABSTRACT. Using Ath power means in the case X a 1, it is proven that the Chebyshev constant for any compact set in R , real Euclidean n-space, is equal to the radius of the spanning sphere. When X > 1, the Chebyshev points of order m fot all nt 2 1 are unique and coincide with the center of the spanning sphere.
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For the case X = 1, it is established that Chebyshev points of order m tot a compact set E in /?-are unique if and only if the cardinality of the intersection of E with its spanning circle is greater than or equal to three.
Introduction.
The transfinite diameter and the Chebyshev constant, two set functions originally defined in the complex plane by Fekete [3] using a geometric averaging process, can be generalized by choosing different averaging processes. This approach was used by Pólya and Szegö [7] who considered certain compact sets in Ry R2, and R? (Rn being real Euclidean «-space) and calculated their transfinite diameters and Chebyshev constants for Ath power averages.
In this paper we restrict ourselves to the consideration of calculating the Chebyshev constant in the À > 1 averaging process, but we obtain results valid for all compact sets in R^. Specifically the main theorem in §3 proves that the Chebyshev constant for any compact set in Rn is equal to the radius of the spanning sphere.
Moreover it is established there that for the case A > 1, the Chebyshev points of order m tot all to > 1 are unique and coincide with the center of the spanning sphere. For the case A. = 1, the Chebyshev points of order m, m>l, ate unique in R2 if and only if the cardinality of the intersection of the compact set and its spanning circle is greater than or equal to three.
To develop the techniques for the proof of the main theorem we are led to a consideration of two topics. One concerns some geometric properties of point sets, and the other deals with a problem known in the literature as Steiner's problem. These are treated in §2. Although the main theorem is proved for R , we shall discuss the aforementioned topics in R2 in order to avoid unnecessary notational complications, noting the modifications necessary to extend the concepts to higher dimensions. Theorems denoted by letter are well known; theorems denoted by number are the work of the author.
I wish to express appreciation to Professor Theodore J. Rivlin for his guidance and encouragement during the preparation of this paper.
2. Geometric preliminaries and Steiner 's problem.
I. Let E be a compact/1) set in R2. The boundary of the disc of smallest radius which contains E will be called the spanning circle of E and will be denoted by CE.
Theorem A. The spanning circle of E is unique and it either (1) contains two boundary points of E which are at the ends of a diameter of the circle, or (2) contains three boundary points of E which form an acute triangle.
Theorem A may be found as a problem (with solution) in Yaglom [8] .
If R denotes the radius of CE, we have
where d(E) denotes the diameter of E. Thus d(E)/2 provides a lower bound for
R. An upper bound was given by H. W. E. Jung [5] .
(2) R < ¿(E)V3~/3
We note that we have equality in (1) whenever the cardinality of E n CE is two, and equality in (2) whenever F is an equilateral triangle.
The concept of a spanning circle can be generalized to n dimensions by consideration of the n-dimensional ball of smallest radius which contains a compact set E. The boundary of such a ball shall be called the spanning sphere of E, and denoted by SE. This problem can be related to one in approximation theory as follows: Let E be a compact set in the complex plane C, and let p be a positive measure on C.
We denote the identity function by ¡(z) and ask, "What is the best approximation in p-norm, p > 1, to ¡(z) on E from the subspace consisting of the constant functions?" Thus we are asked to find some constant Q such that (4) ¡\¡(z)-P\Pdp>¡\l(z)-Q\"dp tot all constants P. Now, if we choose E to be the finite set of points {Ay A2, A^j and choose the measure p to assign the weights zz¿ at A¿, i = 1, 2, 3, then wë see that setting p = À, the left-hand side of (4) is identical to the function (3).
Looking at the Steiner-type problem in terms of an approximation problem enables one to use the following theorem. 
Hence 2?=1 i^.|A . -Q I""1 sgñ(A . _ Q)P = 0 for ail P e C.
Thus we have found a set of positive weights given by (5) such that Q = P minimizes the function (3). We now discuss how the aforegoing ideas are realized in R . In n-dimensional space the Steiner-type problem we are interested in becomes:
If Aj, A2,..., Ak, 2 < k <n + 1, are k points in Rn, can we attach nonnegative weights wx, w2, -, wk to the points Aj, A2,..., A^ so as to make any given point Q in the convex hull of (Aj, A2, • • •, Afcj a "A-Steiner point,"
i.e., for A > 1, Q = P minimizes a function of the form
for all choices of P in R when a. = w., where IA . -Pi denotes the Euclidean
distance from the point A¿ to P? The approximation theory analogue can be stated as follows:
Let E be a compact set in R and let p be a positive measure on Rn. Consider the space of continuous functions whose domain is E and whose range lies ( 2) The condition stated is both necessary and sufficient for the best approximation in the case p > 1 (see Dunford and Schwartz [2] ). For the case p = 1, see Kripke and Rivlin [6] .
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use in some inner product space H. This space, which we denote by C(E; H) can be made into a normed linear space in various ways. We shall define a norm as follows: Ufe C(E; H), then by \\f\\p, p > 1, we shall mean (fE \f(x)\P dp)l/P where |/(x)| denotes the inner-product space norm of the range value f(x).
If V is a finite-dimensional s.ubspace of C(E; H) we may pose an approximation problem by asking: Given / e C(E; H). What is a best approximation Q to f in p-norm out of V? I.e., find a Q e V such that ||/-X|| > ||/-ß|L or equivalently (7) fE |/(x) -P(x)|» dp > fE \f(x) -Q(x)\P dp tot all P e V.
A sufficient condition for best approximation is
, sgn(/(x) -Q(x)))dp = 0 The calculation of x'*te) where £ is a set consisting of two points, an interval, a circle, a disc, a sphere, and a ball can be found in Pólya and Szegö [7] . We look only at the case when A > 1, but will now ptove two theorems valid for all compact sets in R .
The main theorem may be stated as follows: 
. a"(E)/2 < R < (n/2(n + l))1/2d(E).. equal to two. Let E O Cg = {P, p'j.
Consider the set ë of all ellipses with major axis PP'. Let ME e & be the ellipse of largest eccentricity which encloses E. We shall call ME the spanning ellipse of E. If we denote the eccentricity of M£ by e, we note that if the cardinality of E O CE is equal to two, then e > 0. (For those sets such that the cardinality of E n CE is greater than or equal to three we have e = 0 and ME coincides with Cg.) From the remark following (2) We note finally that Theorem 5 includes the case of R j since for any compact set E in Rx, E n CE = {a, b) where b = taax%eEx and a -miaxeEx. Thus
Chebyshev points of order m, m > 1 fqr any set E in R j are not unique.
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